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We utilize the chiral kinetic theory in a relaxation-time approximation to investigate the nonlinear
anomalous responses of chiral fluids with viscous effects. Unlike the cases in equilibrium, it is found
that the chiral magnetic effect and chiral vortical effect are modified by the shear and bulk strengths.
Particularly, the shear strength could result in charged Hall currents for chiral magnetic and chiral
vortical effects, which propagate perpendicular to applied magnetic fields and vorticity. These
quantum corrections stemming from side jumps and anomalies are dissipative and pertinent to
interactions. Although the non-equilibrium effects upon charge currents are dissipative, the second
law of thermodynamics is still satisfied.
I. INTRODUCTION
The anomalous transport for Weyl fermions related to
quantum anomalies such as chiral magnetic/vortical ef-
fects (CME/CVE), from which charged currents are in-
duced by magnetic/vortical fields, has recently aroused
great interest in the studies of relativistic heavy ion col-
lisions (HIC) and Weyl semimetals [1–4]. Such effects
and relevant phenomena associated with chiral imbal-
ance have been investigated from various approaches in-
cluding field-theory calculations based on Kubo formula
[3, 5, 6], kinetic theory [7–17], relativistic hydrodynam-
ics [18–22], lattice simulations [23–29], and gauge/gravity
duality [30–33]. Particularly, recent progress in chiral
kinetic theory (CKT) with the manifestation of Lorenz
symmetry related to side jumps and the incorporation of
collisions has improved our understandings on anomalous
transport out of equilibrium [34–36].
It is generally believed that CME in equilibrium is pro-
tected by the chiral anomaly and unaffected by interac-
tions. On the other hand, CVE in equilibrium could
be protected by mixed-axial-gravitational anomaly with
only background fields [6, 33, 37], whereas the modifica-
tion from interactions could emerge in the presence of dy-
namical gauge fields [38–40]. See Refs. [41–43] for some
following works. In addition, there are studies for the
axial currents induced by electric fields and chiral imbal-
ance such as the chiral electric separation effect (CESE)
or chiral Hall effect (CHE), which are pertinent to in-
teractions [44–46], while these effects are not directly
connected to the helicity of Weyl fermions and quan-
tum anomalies. Nonetheless, an interplay between the
chiral anomaly, magnetization current stemming from
side jumps, and magnetic-moment coupling could re-
sult in non-equilibrium corrections involving interactions
upon anomalous transport. For example, the alternative-
current (AC) conductivity for CME with nonzero fre-
quency is modified in the presence of time-dependent
magnetic fields [5, 14, 47]. Also, the nonlinear responses
on anomalous transport triggered by fluctuations near
local equilibrium in inviscid chiral fluids have been an-
alyzed by some of the authors in this paper [48], where
novel anomalous Hall currents led by electric fields and
temperature/chemical-potential gradients are found [49].
However, the non-equilibrium corrections on charge cur-
rents from magnetic fields or vorticity may appear in
the viscous case [50]. Experimentally, in HIC, due to
the viscous corrections in the quark gluon plasma, the
non-equilibrium effects upon the CME conductivity may
impact the charge separation associated with the signal
for CME. Moreover, based on recent observations of hy-
drodynamic transport in graphene [51, 52], there exists
mounting interest in the possible realization of chiral flu-
ids in Weyl semimetals (see e.g., Refs. [53, 54] for relevant
studies in theory). The theoretical investigation of rel-
ativistic viscous hydrodynamics of chiral fluids is thus
imperative.
In this paper, we follow the approach in Ref. [48] to
further study the viscous corrections on anomalous trans-
port contributed by the aforementioned quantum effects
associated with the helicity of Weyl fermions. It is found
that the CME and CVE conductivities of charge cur-
rents are modified by shear and bulk strengths. Nev-
ertheless, the non-equilibrium corrections on the energy-
density currents should vanish according to the matching
condition in the classical relaxation-time approximation
(RTA). Although the non-equilibrium quantum correc-
tions are dissipative, the second law of thermodynamics
is still satisfied.
II. WIGNER FUNCTIONS AND CHIRAL
KINETIC THEORY
We begin with a brief introduction to the Wigner-
function formalism of CKT which will be exploited to
study the non-equilibrium transport. As derived in
Ref. [36] by solving Dirac equations up to O(~) from
the Wigner-function approach, the perturbative solution
for the lesser propagators of right-handed Weyl fermions
reads
S`<µ(q,X) = 2πǫ¯(q · n)
(
qµδ(q2) + ~δ(q2)Sµν(n)Dν
+~ǫµναβqνFαβ
∂δ(q2)
2∂q2
)
f (n)q , (1)
2where ǫ¯(q · n) represents the sign of q · n and
Sµν(n) =
ǫµναβ
2(q · n)qαnβ (2)
corresponds to the spin tensor depending on a frame vec-
tor nµ [35]. The frame vector can be understood as the
zeroth component of a vierbein for the local transfor-
mation of σa = (I, σi) introduced on the local tangent
space to σµ(X) depending on the global spacetime coor-
dinates, where σi represent Pauli matrices for i = 1, 2, 3,
such that σµ = eµaσ
a. That is, we define nµ ≡ eµ0 with µ
being the spacetime indices (See Appendix A for details
of the choice of the frame vector). In flat spacetime, we
may set eµa(X) = δ
µ
a such that the spin connection van-
ishes. Now, the global spacetime coordinate transforma-
tion corresponds to the frame transformation nµ → n′µ.
Here we denote Dβf (n)q = ∆βf (n)q − Cβ, where ∆µ =
∂µ + Fνµ∂
ν
q , Cβ = Σ<β f¯ (n)q − Σ>β f (n)q with Σ<(>)β being
less/greater self-energies and f
(n)
q and f¯
(n)
q = 1−f (n)q be-
ing the distribution functions of incoming and outgoing
particles, respectively. The second term in Eq. (1) asso-
ciated with Sµν(n) as the side-jump term only contributes
for the non-equilibrium cases or for a rotating system in
global equilibrium, which results in magnetization cur-
rents and CVE. On the other hand, the third term in
Eq. (1) yields CME in equilibrium.
Given the Wigner functions, one can directly evaluate
the charge current and energy-momentum tensor through
T µν =
∫
d4q
(2π)4
(
qµS`<ν + qν S`<µ
)
,
Jµ = 2
∫
d4q
(2π)4
S`<µ. (3)
The distribution function in S`<µ has to be solved from
the CKT led by the Dirac equation. In light of the study
in Ref. [48], we focus on the fluctuations slightly away
from the local equilibrium distribution function defined
in a comoving frame nµ = uµ with uµ being a fluid ve-
locity.
For an arbitrary frame nµ, the CKT takes the
form [48],
δ
(
q2 − ~B · q
q · n
)
(q,X)f (n)q = δ
(
q2 − ~B · q
q · n
)
Cfull, (4)
where
(q,X) =
[
q ·∆+ ~
Sµν(n)Eµ
(q · n) ∆ν + ~S
µν
(n)(∂µFρν)∂
ρ
q
+~(∂µS
µν
(n))∆ν
]
, (5)
and
Cfull =
(
qµ + ~
Sνµ(n)Eν
(q · n) + ~
(
∂ρS
ρµ
(n)
))C˜µ,
C˜µ = Cµ + ~ ǫ
µναβnν
2q · n
(
f¯ (n)q ∆
>
αΣ
<
β − f (n)q ∆<αΣ>β
)
. (6)
Here, we define Bµ and Eµ by decomposing the field
strength into Fαβ = −ǫµναβBµnν + nβEα − nαEβ . We
will then work in nµ = uµ. The collision term depends
on details of the system, so that it is not universal. Here,
for simplicity and generality to be applicable for various
systems including e.g., HIC or Weyl semimetals and also
to make comparisons with previous studies [55, 56] on
equal footing, we apply the RTA for the collisional kernel
in order to capture the qualitative features based on the
symmetric properties of collisions. We thus approximate
Cfull ≃ − 1
τR
(
q · u+ ~ q
µAµ
(q · u)2
)
δfq, (7)
where Aµ denotes an operator acting on δfq, which rep-
resents possible quantum corrections with O(∂) that de-
pends on the details of collision terms. τR is the relax-
ation time charactering the inverse strength of interac-
tions, which will be treated as a constant [57] . Note
that here Aµ is also frame dependent. The transforma-
tion of Aµ in different frames should preserve the frame
independence (Lorentz invariance) of the CKT with the
RTA. We introduce such a frame transformation upon
Aµ in Appendix B.
We will then follow the computations in Ref. [48] to
perturbatively solve for the non-equilibrium distribution
function δfq = f
(u)
q − f eqq incorporating viscous correc-
tions from the CKT in Eq. (4) based on the ~ and deriva-
tives expansions. Here the local equilibrium distribu-
tion function takes the form f eqq = (e
g + 1)−1 with g =
(q ·u−µ+~(ω ·q)(2q ·u)−1)/T for T and µ being the local
temperature and chemical potential, respectively. Also,
the vorticity ωµ is defined as ωµ ≡ ǫµναβuν
(
∂αuβ
)
/2.
Hydrodynamics and matching conditions.— Further-
more, following the charge and energy-momentum con-
servation with the chiral anomaly, we should also imple-
ment the anomalous hydrodynamic EOM led by
∂µJ
µ = − ~
4π2
EµB
µ, ∂µT
µν = F νµJµ. (8)
These two equations provide the physical constrains for
CKT, which dictate the dynamics of thermodynamic pa-
rameters T , µ, and uµ in f eq. However, by utilizing the
equation ∆µS`
<µ = Σ<µ S`
>µ − Σ>µ S`<µ as the origin of
the CKT, it is shown in Ref. [48] that the divergence of
currents manifests the chiral anomaly,
∂µJ
µ = − ~
4π2
EµB
µ + 2
∫
q
[
δ(q2)qµ
+~ǫµναβFαβ
∂qνδ(q
2)
4
]
C˜µ, (9)
where we denotes
∫
q
=
∫
d4q
(2pi)3 ǫ¯(q · n). Moreover, per-
forming similar computations as in the case for ∂µJ
µ,
the divergence of the energy-momentum gives rise to
∂µT
µν = F νµJµ + 2
∫
q
δ(q2)
[
qνqµ +
~ǫσµαβ
4
×
(
δνσ (qβ∂α + Fαβ) + q
νFαβ∂qσ
)]
C˜µ. (10)
3The detailed derivation is shown in Appendix C. For col-
lisions in practical systems obeying charge and energy-
momentum conservation, the collisional terms in Eqs. (9)
and (10) should automatically vanish. In contrast, in the
RTA, the charge and energy-momentum conservations
give matching conditions. In particular, when Aµ = 0,
we find that Eqs. (9) and (10) become
∂µJ
µ = − ~
4π2
EµB
µ − uµδJ
µ
τR
,
∂µT
µν = F νµJµ − uµδT
µν
τR
. (11)
In this case, the matching conditions turns to the stan-
dard ones, uµδJ
µ = uµδT
µν = 0. The vanishing
non-equilibrium modifications upon charge density and
energy-density current consequently allow us to consis-
tently define the temperature and chemical potential in
equilibrium as alternatively indicated in Ref. [58]. Tak-
ing other approximations could result in distinct con-
served quantities without consistent physical interpreta-
tions.
III. NON-EQUILIBRIUM RESPONSES AND
CHARGE CURRENTS
Following Ref. [48], the perturbative solution for the
non-equilibrium distribution function is given by
δfq = − τR
(q · u)
(
1− ~ q
µAµ
(q · u)
)
f eqq , (12)
where Aµ is taken to be a constant here. We may make
the decomposition, δfq = δf
(c)
q + δf
(Q)
q , where the su-
perindices (c) and (Q) correspond to the classical and
quantum corrections, respectively. We then further sep-
arate the part for ideal fluids, and the viscous correction,
δf (c/Q) = δIf
(c/Q)
q + δvf
(c/Q)
q , where the subindices I
and v denote the inviscid and viscous parts. The ex-
plicit expression of δIfq can be found in Ref. [48]. In
light of Ref. [48], we decompose the quantum corrections
of the non-equilibrium distribution function into three
parts as δvf
(Q)
q = δvf
K
q + δvf
H
q + δvf
C
q , where δvf
K
q is led
by the perturbative solution out of equilibrium solved
from CKT and δvf
H
q is attributed to the ~ corrections of
the temporal derivatives (u · ∂) upon T , µ¯ ≡ µ/T , and
uµ from hydrodynamic EOM obtained from Eq. (8). Fi-
nally, δvf
C
q comes from the ~ corrections in the collisional
kernel, while this term depends on the assumption of Aµ
in the RT approximation, which does not play a signifi-
cant role in our analysis. In Ref. [48] for an inviscid case,
Aµ is treated as a constant. We will follow the same
convention in the computation of viscous corrections for
consistency although Aµ can be an operator governed by
the frame transformation. On the other hand, as dis-
cussed previously, we may set Aµ = 0 in the co-moving
frame for self-consistency to introduce local equilibrium
thermodynamical parameters suggested by the matching
conditions.
For convenience, hereafter we denote q0 ≡ q·u andD ≡
u ·∂. By implementing CKT with the RT approximation,
in the local rest frame, we find
δvf
(c)
q = −
τR
q0
qµqνπµν∂q0f
(0)
q (13)
with f
(0)
q = 1/(e(q0−µ)/T + 1) and
δvf
K
q =
~τR
2q0
[
Bµ
q0
(
2qµθ
3
− πµνqν
)
− 2ωµπµνqν + (q · ω)
q20
(
qµqνπµν +
q2
⊥
3
θ
)
(1− q0∂q0)
−2q · ω
3
θ − ǫ
µναβ
q0
uµqαq
ρπνρ
(
T∂βµ¯+
q0∂βT
T
+ q0Duβ
)]
∂q0f
(0)
q , (14)
where we define Pµν ≡ ηµν−uµuν as a projection opera-
tor with the Minkowski metric ηµν = diag(1,−1,−1,−1),
θ ≡ ∂ ·u as the bulk strength, πµν ≡ Pµρ P νσ (∂ρuσ+∂σuρ−
2ηρσθ/3)/2 as the shear strength, and V µ
⊥
≡ Pµν V ν as the
transverse component of an arbitrary vector V µ.
Next, we shall consider the viscous corrections on the
hydrodynamic EOM. By solving Eq. (8) with the current
and energy-momentum tensor in local equilibrium, it is
found that DT = −θ/3 + O(~) and Dµ¯ = O(~) with
µ¯ ≡ µ/T , while the viscous correction does not lead to ~
corrections for DT and Dµ¯. We also include their contri-
butions for the computation of currents. In addition, we
find that the viscous correction gives rise to the ~ cor-
rection upon Dvu
µ
⊥
and accordingly the hydrodynamic
EOM results in
δvf
H
q = −~τRDvuµ⊥
= −~τRqµ
[
U˜ωTων
(
Pµνθ
6
− πµν
)
+U˜BBνπ
µν
]
∂q0f
(0)
q . (15)
where U˜B = −T 2(3µ¯2 + π2)/(48pπ2) and U˜ω =
4T 2µ¯
(
µ¯2 + π2
)
/(12pπ2) with p being pressure. On the
other hand, the ~ corrections in collisions give
δvf
C
q =
~τR
q40
(
qµqνπµν +
q2
⊥
3
θ
)
(q · A)∂q0f (0)q . (16)
From Eqs. (1) and (3), the quantum corrections of the
non-equilibrium current reads
δJµQ = 2~
∫
d4q
(2π)3
ǫ¯(q · u)δ(q2)
[
qµδf (Q)q
+
(
Sµν(u)∆ν −
ǫµναβ
4
Fαβ∂qν
)
δf (c)q
]
. (17)
By inserting δf
(Q)
q and δf
(c)
q into Eq. (17), we obtain the
quantum correction upon the charge current, δJµQ⊥ =
δJµIQ⊥ + δJ
µ
vQ⊥, where δJ
µ
IQ⊥ as the part for ideal fluids
is shown in Ref. [48]. The viscous part takes the form
δvJ
µ
Q⊥ = ~ (δσ
µν
B Bν + δσ
µν
ω ων + δσ
µν
A
Aν) . (18)
When not applying the hydrodynamic EOM, only δvf
K
q
contributes and one finds
δσµνB =
τRµ
4π2
(4
9
θPµν − πµν
)
,
δσµνω = −
τRI1T
2
36π2
(17Pµνθ
3
+ 20πµν
)
,
and
δσµν
A
= − τRµ
18π2
(5Pµνθ
3
+ 2πµν
)
, (19)
where I1 = µ¯
2 + π2/3. The results suggest that the
viscous corrections upon CME and CVE conductivities
should exist even for an open system in which the back-
reaction on environments is neglected and the energy-
momentum conservation is violated such as the case
in Weyl semimetals when the scattering between quasi-
particles and impurities dominate the interactions among
quasi-particles.
Now, for the right-handed chiral fluid as a closed sys-
tems with energy-momentum conservation, by imple-
menting the hydrodynamic EOM, the coefficients become
δσµνB =
τR
12π2
[
10
3
µθPµν −
(
3µ+ 2I2T
3U˜B
)
πµν
]
,
δσµνω = −
τR
12π2
[
PµνT 2θ
3
(
I1 + I2T
2U˜ω
)
+πµνT 2
(20
3
I1 − 2I2T 2U˜ω
)]
,
and
δσµν
A
= −τRµ
9π2
πµν , (20)
where I2 = µ¯
(
µ¯2 + π2
)
. Note that there exist two terms
in δf
I(Q)
q , −~τR(2T )−1(q · ω)(DT )(1 − q0∂q0)f (0)q and
−~τR(2q0)−2(q ·∂)(q ·ω), which also contribute to viscous
corrections with vorticity when the hydrodynamic EOM
are applied in computations. In general, by redefining uµ,
one can shift the above corrections on CME/CVE con-
ductivities to the transport coefficients of energy density
currents. It is more enlightening to simplify the expres-
sions of δσµνB and δσ
µν
ω in distinct limits. In the high-
temperature limit (µ¯ ≪ 1), the coefficients in Eq. (18)
reduce to
δσµνB = ~τRµ
(
5Pµν
18π2
θ − π
µν
14π2
)
,
δσµνω = −~τRT 2
[
Pµν
108
θ
(
1 +
111µ¯2
7π2
)
−5π
µν
27
(
1− 6µ¯
2
7π2
)]
. (21)
On the contrary, in the low-temperature limit (µ¯ ≫ 1),
one obtains
δσµνB = ~τRµ
(
5Pµν
18π2
θ − π
µν
6µ¯2
)
,
δσµνω = −~τRµ2
(
Pµν
12π2
θ − 2π
µν
9π2
)
. (22)
Despite the complexity of computations, it is worth-
while to note that such viscous corrections actually orig-
inate from Bianchi identities ∂ν F˜
µν = ∂ν ω˜
µν = 0, where
ω˜µν = 12ǫ
µναβ∂αuβ, which relate the temporal deriva-
tives of Bµ and ωµ (in the fluid co-moving frame) to their
couplings with the gradients of uµ as shown in Ref. [48].
Such an origin is a reminiscence of the AC conductivity
of CME driven by time-dependent Bµ and the viscous
corrections upon CME/CVE are expected to be dissipa-
tive.
So far, we have only considered the contributions for
right-handed fermions. The quantum corrections for left-
handed fermions will yield the same results but with the
change of an overall sign for each term at O(~). Since
Pµνθ and πµν are even under the parity (P) transforma-
tion, it is anticipated that the transport coefficients of the
non-equilibrium corrections on CME/CVE have the same
parity as those in equilibrium, which can be more appar-
ently observed from the simplified expressions shown in
two limits above. Therefore, the bulk and shear strengths
not only affect the vector currents (JµV = J
µ
R + J
µ
L) in-
duced by CME/CVE with nonzero axial-charge chemical
potentials (µA = µR − µL) but also the axial currents
(JµA = J
µ
R − JµL) from the chiral separation effect(CSE)
[59] and CVE with nonzero vector-charge chemical poten-
tials (µV = µR + µL). It is worthwhile to note that such
second-order quantum corrections on currents have dif-
ferent symmetry properties compared to the second-order
classical effects also pertinent to magnetic fields such as
the Hall-diffusion currents Jµ
⊥
∼ τ2RǫµναβuνBα∂βµ2 in
5Ref. [56]. Because there is no sign flipping for right/left-
handed fermions in the classical case, the correspond-
ing axial current can only be generated when µA 6= 0(or
∂⊥βµA 6= 0), which is analogous to CESE [44, 45].
IV. ENTROPY PRODUCTION
In contrast to the anomalous transport in equilibrium,
the non-equilibrium quantum corrections of the charge
current δJµQ are dissipative. This is foreseen by the
time-reversal symmetry (T ). Since the charge current
Jµ
⊥
, Bµ, and ωµ are T -odd and Eµ is T -even, from
the classical ohmic current led by the RT approximation
Jµ
⊥
∝ τREµ, one finds that τR is also T -odd, whereas
the CME/CVE conductivities in equilibrium are T -even
and thus non-dissipative. Nonetheless, because θPµν
and πµν are both T -odd, the corresponding transport
coefficients of the viscous corrections upon chiral mag-
netic/vortical currents are proportional to τR multiplied
by T -even functions of T and µ, which accordingly yield
dissipation. The same arguments can be applied to the
non-equilibrium transport found in inviscid cases [48].
Notably, in light of symmetry, one finds Aµ ∼ Bµ or
Aµ ∼ ωµ for viscous corrections. Consequently, the ~ cor-
rections in practical collisions can only affect the prefac-
tors of transport coefficients without altering their struc-
tures. Overall, the non-equilibrium second-order quan-
tum transport is parity-odd and dissipative as opposed
to the classical one (e.g., classical Hall effects), which is
parity even and non-dissipative.
Albeit the non-equilibrium quantum transport results
in dissipation, its entropy production is suppressed by
the dissipation from classical effects as shown below. We
may introduce the entropy density current in an usual
form as for relativistic hydrodynamics,
sµ =
1
T
(puµ+T µνuν −µJµ) + ~(DBBµ+Dωωµ), (23)
where the non-dissipative corrections proportional to Bµ
and ωµ originating from the non-dissipative charge and
energy-density currents. The coefficients DB and Dω
should be determined by the transport coefficients of
CME and CVE in equilibrium. See e.g., Ref. [18] for
details. The explicit form of DB(ω) is not important in
our discussion.
The constitutive relation now can be written as T µν =
uµuνǫ− pPµν +Πµνdis+Πµνnon, where Πµνdis denotes the dis-
sipative corrections characterized by viscous effects and
Πµνnon corresponds to the non-dissipative corrections led
by anomalous effects in equilibrium. When Aµ = 0,
based on the matching conditions such that uµδJ
µ =
uµδT
µν = 0, we find
∂µs
µ =
1
T
[
Πµνdis∂µuν − (Eµ + T∂µµ¯)δJµ
]
. (24)
In Eq. (24), the classical contributions result in posi-
tive entropy production at O(∂2), while the correspond-
ing quantum corrections are at O(~∂3). Although the
non-equilibrium quantum corrections here could be ei-
ther positive or negative, they are always suppressed by
the classical contributions and the second law of thermo-
dynamics is satisfied.
V. DISCUSSIONS AND OUTLOOK
Regarding the validity of our findings, due to the
gradient expansion, the results should be legitimate for
τR∂ ≪ 1, which imparts an upper bound for τR. In ad-
dition, given that the CKT itself is subject to weakly
coupled systems, τR cannot be too small. More gener-
ally, although the CKT is developed to cope with non-
equilibrium conditions, it is applicable for small gradients
and weak background fields based on the ~ expansion. To
extend the validity beyond such limits, we have to solve
for Wigner functions non-perturbatively from Kadanoff-
Baym equations (derived from Schwinger-Dyson equa-
tions), which could be a formidable analytic problem.
Nonetheless, we can still perturbatively solve for
higher-order corrections in the ~ expansion (see Ref. [60]
for a relevant study). Alternatively, one may also con-
struct Wigner functions for non-equilibrium situations
directly from Landau-level wave functions involving all-
order ~ corrections, while it is subject to the case with
just constant magnetic fields. Both approaches are sys-
tematic derivations of CKT from quantum field theory,
which also complement each other. Up to O(~2), it is
anticipated that novel non-dissipative quantum effects
such as the charge modification led by ω · B discovered
in Ref. [61] will be found. Furthermore, for more gen-
eral cases, one may include dynamical gauge fields, which
could yield chiral-plasma instabilities [62] and more pro-
found phenomena. Such instabilities can be treated in
our hydrodynamics approach if the time and length scales
of the instabilities are much larger than the mean free
time and length. The typical time and length scales of
the instabilities are evaluated as τinst ∼ τRm2Dℓ2inst and
ℓinst ∼ 1/(αµA), where α = e2/(4π) and mD is the De-
bye mass, while the mean free time and path are of order
τR [62]. Therefore, τinst ≫ τR and ℓinst ≫ τR lead to con-
ditions m2D ≫ (αµA)2 and τR ≪ 1/(αµA). The former
is satisfied at high temperature T ≫ √αµA or density
µV ≫
√
αµA, where m
2
D ∼ αT 2 or αµ2V . The latter de-
pends on the strength of interaction. For example, if we
evaluate τR in a quark gluon plasma, it behaves τR ∼
αsT lnα
−1
s , where αs is the strong coupling constant;
thus, the condition reduces to T ≫ αµA/(αs lnα−1s ). If
the opposite limit is realized, we have to employ the chi-
ral kinetic equation to describe the dynamics of chiral
kinetic instabilities.
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Appendix A: Wigner functions with quantum
corrections
Based on the Dirac equations under the Wigner
transformation up to O(~), we shall obtain the fol-
lowing Kaddanof-Baym-like equations for right-handed
fermions,
σµ
(
qµ +
i~
2
∆µ
)
S`< =
i~
2
(
Σ<S`> − Σ>S`<
)
, (A1)(
qµ − i~
2
∆µ
)
S`<σµ = − i~
2
(
S`>Σ< − S`<Σ>
)
,(A2)
By parameterizing S`< = σ¯µS`<µ , the above equation yield
the difference equations,
~{σµ, σ¯ν}DµS`<ν = 2i[σµ, σ¯ν ]qµS`<ν ,
~[σµ, σ¯ν ]DµS`<ν = 2i{σµ, σ¯ν}qµS`<ν , (A3)
where [A,B] = AB −BA and {A,B} = AB +BA and
DµS`<ν = ∆µS`<ν − Σ<µ S`>ν +Σ>µ S`<ν (A4)
with ∆µ = ∂µ + Fνµ
∂
∂qν
. We should now perturbatively
solve for S`<µ from Eq. (A3) up to O(~). We thus make
the ansatz, S`<µ = S`
<(0)
µ + ~δS`<µ . It is easy to find that
S`<(0)µ = 2πδ(q
2)qµf(q,X), (A5)
which is independent of a choice for the basis of spins.
We may now define n · σ = I by introducing a frame
vector nµ normalized as n2 = 1 and its corresponding
projection operator Pµν = ηµν−nµnν giving Pµνnν = 0.
The difference equations then become
D · S`< = 0, q · S`< = 0, (A6)
and up to O(~),
2πδ(q2)σµ
⊥
(q · nDµ − qµn · D) f = −2σµ⊥ǫαµνβnαqνδS`<β ,
2πσµ
⊥
ǫαµνβδ(q
2)nαqνDβf = 2σµ
⊥
(
q · nδS`<µ − qµn · δS`<
)
,
(A7)
where σµ
⊥
= Pµνσν and Dβf = ∆βf − Cβ and Cβ =
Σ<β f¯ −Σ>β f . When taking nµ = (1,0), Eq. (A7) reduces
to Eq. (33) in Ref. [36]. Solving Eq. (A7), one derive
S`<µ(q,X) = 2π
(
qµδ(q2) + ~δ(q2)Sµν(n)Dν
+~ǫµναβqνFαβ
∂δ(q2)
2∂q2
)
f(q,X), (A8)
where
Sµν(n) =
ǫµναβ
2(q · n)qαnβ. (A9)
7Appendix B: Frame transformation for the RTA
To preserve Lorentz invariance of the CKT in Eq. (4)
with the RTA, we have to introduce the frame transfor-
mation on Aµ. By implementing Eqs. (4) and (7) can be
rewritten as
δ(q2)
(

(n)f (n)q +
~B(n)µ
2q · n ∂qµ
(
q ·∆f (n)q
))
= I(n)c ,
with
I(n)c = −
δ(q2)
τR
((
q · u+ ~q · A
(n)
(q · u)2
)
δf (n)q
+
~B(n)µ
2q · n ∂qµ
(
q · uδf (n)q
))
, (B1)
where we use the superindices (n) to track the frame-
dependent terms explicitly. Also, we have applied the
relations,
δ
(
q2 − ~B
(n) · q
q · n
)
= δ(q2)− ~B
(n)µ
2q · n ∂qµδ(q
2), (B2)
and
(∂qµδ(q
2))q · Df (n)q = −δ(q2)∂qµ(q · Df (n)q ) +O(~).
(B3)
Recall that the full CKT in Eq. (B1) is frame indepen-
dent (Lorentz invariant) when considering also the non-
trivial frame transformation upon the distribution func-
tions. According to Ref. [36], the frame transformation
for the distribution function reads
f (n
′)
q = f
(n)
q + ~N
ν
nn′Dνf (n)q , (B4)
where
Nνnn′ =
ǫµναβqαnβn
′
µ
2(q · n)(q · n′) . (B5)
When taking nµ = uµ and using the RTA, one finds that
Eq. (B4) reduces to
f (n
′)
q = f
(u)
q + ~N
ν
un′∆νf
(u)
q , (B6)
which is independent of collisions. Note that the equa-
tion above also works for δf
(n′)
q . Consequently, the col-
lisional part alone in Eq. (B1) should be frame inde-
pendent. By utilizing I
(n′)
c − I(u)c = 0 and δf (n
′)
q =
δf
(u)
q + ~Nνun′∆νδf
(u)
q , we obtain
A(n′)ν = A(u)ν − uν(q · u)2
(
Nαun′∆α +
1
2(q · u)
(B(n′)α
q · n′ −
B(u)α
q · u
)(
uα + (q · u)∂qα
))
, (B7)
which gives the frame transformation upon the colli-
sional terms in a RTA.
Appendix C: Divergence of the energy-momentum
tensor
Here we present some critical steps for the derivation
of Eq. (10). Following the trick in Ref. [58], we find
∂µT
µν =
∫
d4q
(2π)4
(
2qν∂ · S< + q · ∂S<ν − qν∂ · S<
)
=
∫
d4q
(2π)4
(
2qν∂ · S< − 1
2
ǫνκσρǫµλσρq
λ∂κS
<µ
)
.
(C1)
Performing straightforward computations, one should ob-
tain
ǫµλσρq
λ∂κS
<µ = −~πǫ¯(q · n)
[
2δ(q2)qσ∂κ
(
Fρλ∂
λ
q fq + Cρ
)
+Fσρq
λ(∂qλδ(q
2))(∂κfq)
+2qσ(∂
λ
q δ(q
2))∂κ (Fρλfq)
]
, (C2)
which results in
∫
d4q
(2π)4
(q · ∂S<ν − qν∂ · S<)
= ~
∫
q
δ(q2)
ǫνκσρ
2
[
Fρσ
(
1 +
qγ∂qγ
2
)
∂κfq + qσ∂κCρ
]
= ~
∫
q
δ(q2)
ǫνκσρ
2
qσ∂κCρ, (C3)
where the first term on the right-hand side of the first
equality in fact vanishes. On the other hand, we find
∫
d4q
(2π)4
2qν∂ · S< = −2
∫
d4q
(2π)4
qν
(
Fρµ∂
ρ
qS
<µ
−Σ< · S> +Σ> · S<
)
. (C4)
By performing the integration by part and dropping the
divergent and vanishing surface terms, we obtain
8∫
d4q
(2π)4
2qν∂ · S< = 2
∫
d4q
(2π)4
[
F νµS<µ + 2πǫ¯(q · n)δ(q2)
(
qνqµ − ~
4
qνǫµσαβFαβ∂qσ − ~
4
ǫµναβFαβ
)]
C˜µ, (C5)
up to O(~). Combining Eqs. (C3) and (C5), we acquire Eq. (10).
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